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Vacuum energy in the presence of a magnetic string with a delta function profile

Marco Scandurra*
Institut für Theoretische Physik, Universita¨t Leipzig, Fakulta¨t für Physik und Geowissenschaften,

Augustusplatz 10/11, 04109 Leipzig, Germany
~Received 20 March 2000; published 28 September 2000!

We present a calculation of the ground state energy of massive spinor fields and massive scalar fields in the
background of an inhomogeneous magnetic string with a potential given by a delta function. The zeta func-
tional regularization is used and the lowest heat kernel coefficients are calculated. The rest of the analytical
calculation adopts the Jost function formalism. In the numerical part of the work the renormalized vacuum
energy as a function of the radiusR of the string is calculated and plotted for various values of the strength of
the potential. The sign of the energy is found to change with the radius. For both scalar and spinor fields the
renormalized energy shows no logarithmic behavior in the limitR→0, as was expected from the vanishing of
the heat kernel coefficientA2 , which is not zero for other types of profiles.

PACS number~s!: 11.15.Kc, 11.10.Ef, 11.10.Gh, 11.15.Tk
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I. INTRODUCTION

Recent developments in the technique for the calcula
of the zero point energy of massive fields@1# have opened up
interesting possibilities in the study of soft boundaries a
smooth potentials with spherical and cylindrical geome
immersed in the vacuum of various quantum fields. T
technique uses the Jost function of the scattering prob
related to the background potential under examination.
Jost function is unique and easily obtainable for many ty
of geometries with circular, spherical, or cylindrical symm
try and for various types of potential profiles, which is t
great advantage of this approach. The renormalization is
performed with zeta-functional techniques and by means
the heat kernel expansion, which is known to be a very
fective tool in this context~see @2–4#!. The basic idea of
defining unambiguously a renormalized zero point energy
to impose the normalization condition that the vacuum
ergy vanishes when the mass of the quantum field rea
infinity ~see@1#!. The heat kernel coefficients themselves a
also of great interest; they determine the asymptotic beha
of the renormalized energy@5#; and they are considered to b
an intrinsic feature of the background under examination

This renormalization scheme and the representation of
energy in terms of the Jost function have been used to s
some basic configurations@6,1,7,8,5,9#. The investigation
has turned recently to magnetic fields with cylindrical sy
metry. In @10# a complete analysis of a spinor field in th
background of a homogeneous magnetic flux tube of fin
radius was carried out. The vacuum energy was found to
negative and it did not show a minimum for any finite val
of the radius. A natural question is if inhomogeneous m
netic fields can minimize the energy and render the str
stable. The question was already raised in@11#. The present
paper extends the investigation begun in@10# to an inhomo-
geneous magnetic string with a delta function profile. T
delta function, although not a fully realistic physical mod
represents a simple example of inhomogeneity, which co
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give an insight into the problem of vacuum energy in ma
netic backgrounds. This kind of ‘‘semitransparent’’ boun
ary was already analyzed in@7# for a sphere. It has som
features in common with a smooth potential and some wit
hard boundary. In@12# the heat kernel coefficients for a gen
eral semitransparent boundary were calculated. The quan
mechanics of spinor fields in the presence of magnetic flu
has been elaborated in early works@13,14# while a more
recent investigation in this direction has been motivated
the interest in the Aharonov–Bohm effect@15,16#. Singular
inhomogeneous magnetic fields were examined in@17# for
the calculation of the fermion determinant and in@18# for the
investigation of the bound states of an electron, however
ground state energy was not calculated in those works. In
paper the ground state energy will be calculated for a sc
and for a spinor field. In the first part of this paper we w
calculate the Jost functions for both fields and the heat ke
coefficients will be found. In the second part of the paper
will work numerically on the renormalized energy, findin
its asymptotic behavior for small and large values of t
radius of the string. We will finally show some plots of th
renormalized energy for various values of the strength of
potential.

II. SCALAR FIELD IN THE BACKGROUND
OF A MAGNETIC STRING

A. Solution of the field equation

We quantize a scalar fieldF in the presence of a classica
magnetic field whose form is that of a cylindrical shell wi
delta function profile. The section of the string is a circ
with radiusR. The magnetic field is given by

BW ~r !5
f

2pR
d~r 2R!eW z , ~1!

wheref is the magnetic flux,r 5Ax21y2, andz is the axis
along which the cylindrical shell extends to infinity. Th
quantum field obeys the Klein–Gordon equation for the s
lar electrodynamics
©2000 The American Physical Society24-1
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~DmDm1me
2!F~x!50, ~2!

whereme is the mass of the field, andDm5]m2 ieAm . The
vector potential of the electromagnetic field associated w
Eq. ~1! contains a theta function

AW 5
f

2p

U~r 2R!

r
eW w , A050. ~3!

Then, after separation of the variables, the field equation
cylindrical coordinates reads

S k22
@m2bU~r 2R!#2

r 2 1
1

r
] r1] r

2DFm~k,r !50. ~4!

Here m is the orbital momentum quantum number andk
5Ap0

22me
22pz

2, where pm is the momentum four vector
The variableb5ef/2p represents the strength of the bac
ground potential. The solutions to Eq.~4! are Bessel and
Neumann functions. The kind of function and their coef
cients are determined by means of physical considerati
We take here the regular solution which is known from t
general scattering theory@19#

F~r !5Jm~kr !U~R2r !1 1
2 @ f m~k!Hm2b

~2! ~kr !

1 f m* ~k!Hm2b
~1! ~kr !]U~r 2R!, ~5!

where Jm(kr) is a Bessel function of the first kind
Hm2b

(1) (kr) and Hm2b
(2) (kr) are Hankel functions of the firs

and second kind, and the coefficientsf m(k) and f m* (k) are a
Jost function and its complex conjugate, respectively. Th
we can define a fieldF I in the regionr ,R inside the cylin-
der

Fm
I ~k,r !5Jm~kr !, ~6!

which is independent of the strengthb of the potential, and a
field FO in the region outside the cylinderr .R

Fm
O~k,r !5 1

2 @ f m~k!Hm2b
~2! ~kr !1 f m* ~k!Hm2b

~1! ~kr !#, ~7!

which describes incoming and outgoing cylindrical wav
The conditions for the field atr 5R will be discussed later.

B. Ground state energy in terms of the Jost function
and normalization condition

A regularized vacuum energy can be defined as

E0
sc5

m2s

2 ( e~n,a!
122s , ~8!

where thee (n,a) are the eigenvalues of the Hamiltonian o
erator associated with Eq.~2!, a561 being the index for
the particle-antiparticle degree of freedom, whilen includes
all other quantum numbers.s is the regularization paramete
to be put to zero after the renormalization andm is a mass
parameter necessary to maintain the correct dimension
the energy. The string is invariant under translations alo
the z axis, therefore the energy density per unit length is
08502
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Esc5
1

2
m2sE

2`

` dpz

2p (
~n,a!

~pz
21l~n!

2 !1/22s, ~9!

where thel (n) are the eigenvalues of the operator contain
in Eq. ~4! with k5Ap0

22me
2. We perform the integration

over pz in Eq. ~9!, getting

Esc5
1

4
m2s

G~s21!

ApG~s21/2!
(

~n,a!
~l~n!

2 !12s. ~10!

Now, following a known procedure@1#, the sum in Eq.~10!
can be transformed into an integral containing the Jost fu
tion introduced in Eq.~5!:

Esc52
1

2
Cs (

m52`

` E
me

`

dk~k22me
2!12s]k ln f m~ ik !,

~11!

where f m( ik) is the Jost function with imaginary argume
andCs5$11s@2112 ln(2m)#%/(2p) is a simple function of
the regularization parameter. The renormalization of Eq.~11!
is carried out by direct subtraction of its divergent part

Eren
sc 5Esc2Ediv

sc . ~12!

The isolation ofEdiv
sc will be performed via heat-kernel ex

pansion as we will see in a moment. The subtracted p
should be added in the classical part of the energy resul
in a renormalization of the classical parameters of the str
~in @8# this procedure is well explained!, however we do not
treat the classical energy of the system here but only
vacuum contribution. For the analytical continuations→0,
we split Eren

sc into a ‘‘finite’’ and an ‘‘asymptotic’’ part:

Eren
sc 5Ef

sc1Eas
sc, ~13!

with

Ef
sc52

1

2
Cs (

m52`

` E
me

`

dk~k22me
2!12s

]

]k

3@ ln f m~ ik !2 ln f m
as~ ik !# ~14!

and

Eas
sc52

1

2
Cs (

m52`

` E
me

`

dk~k22me
2!12s

]

]k
ln f m

as~ ik !2Ediv
sc ,

~15!

wheref m
as is a portion of the uniform asymptotic expansion

the Jost function. The number of orders to be included inf m
as

must be sufficient to let the function

ln f m~ ik !2 ln f m
as~ ik ! ~16!

fall as m24 ~or k24! for k andm equally large, in this case
the integral and the summation in Eq.~14! converge fors
→0. To this purpose three orders in the asymptotics
enough. More orders would only give a quicker conve
4-2
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gence. The splitting proposed in Eq.~13! immediately per-
mits the analytical continuations50 in Ef

sc, furthermore it
allows a very quick subtraction, of the pole terms in t
asymptotic part Eq.~15!. Eas

sc is a finite quantity ats50. For
the definition ofEdiv

sc we expand Eq.~10! in powers of the
mass by means of the heat-kernel coefficientsAj associated
with the Hamilton operator

Esc5(
j

m2s

32p2

G~s1 j 22!

G~s11!
me

422~s1 j !Aj , j 50,
1

2
,1,... .

~17!

Here the divergent contribution can be isolated

Ediv
sc 52

me
4

64p2 S 1

s
1 ln

4m2

me
2 2

1

2DA02
me

3

24p3/2 A1/2

1
me

2

32p2 S 1

s
1 ln

4m2

me
2 21DA11

me

16p3/2 A3/2

2
1

32p2 S 1

s
1 ln

4m2

me
2 22DA2 . ~18!

In this definition the poles are all contained in the three ter
corresponding to the heat kernel coefficientsA0 ,A1 ,A2 ,
however we included inEdiv

sc two more terms in order to
satisfy a normalization condition, namely that the renorm
ized ground state energy vanishes for a field of infinite m

lim
me→`

Eren
sc 50. ~19!

This condition fixes a unique value for the vacuum energy
a massive field. It is also necessary to eliminate the arbitr
ness of the mass parameterm.

C. The Jost function and its asymptotics

We now calculate the Jost functionf m(k) in relation to
the delta function potential of the magnetic string. To th
aim we study the matching conditions for the field atr 5R.
We require that the field be continuous on the bounda
From this condition and from the field equation~4! it follows
that

F0~r !ur 5R5F I~r !ur 5R ,
~20!

] rF
O~r !ur 5R5] rF

I~r !ur 5R .

Inserting in this system the solutions Eqs.~6! and ~7! and
solving for f m(k) it is possible to find the Jost function o
the imaginary axis.1 We write it in terms of modified Besse
I andK functions

f m~ ik !5 i bkR(I mKm2b111I m11Km2b)1 i bbI mKm2b .

~21!

1The Wronskian determinant for the Hankel functions@20# is
used.
08502
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In Eq. ~21! the arguments~kR! of the Bessel functions are
omitted for simplicity. This expression holds for positive an
for negative values ofm. On the contrary the uniform
asymptotic expansion, which we need for formulas~14! and
~15!, is a different function for positive or for negativem. To
find it, we adopt the asymptotic expansion of the modifie
BesselI and K functions for large indices and large argu
ments available on@20#. Our calculations need an expansio
of the form

Km1a~kR!;(
n

Xn

mn , ~22!

wherea can be 0 or 1 for the BesselI function and2b or
2b11 for the BesselK function and theXn are some coef-
ficients depending onk, R, andb. Therefore we reexpand the
formulas given in@20# in powers ofm finding

Km1a~kR!;A p

2m
expH (

n521

3

m2nSh~n,a,t !J ,

I m1a~kR!;
1

A2pm
expH (

n521

3

m2nSh~n,a,t !J ,

~23!

wheret5@11(kR/m)2#21/2 and the functionsSh(n,a,t) are
given explicitly in the Appendix. Inserting these expansion
in Eq. ~21! one finds an asymptotic Jost function valid fo
positivem; we name itf m

as1( ik).
To find the asymptotics for negativem we must invert the

sign of the indices of the Bessel functions in Eq.~21!. This
operation does not change the Jost function at all, becaus
the remarkable algebraic properties of the modified Bes
functions. After inverting the signs we can apply expansio
Eq. ~23! and find the desired result. We call this contributio
f m

as2( ik). For the termm50, formula ~22! clearly does not
apply. One obtains the contributionf 0

as( ik) from the com-
monly known expansions of the modified Bessel function
for large arguments available in@20#.

The finite and the asymptotic part of the energy defined
Eqs.~14! and~15! are also split into three contributions: one
for positive m, one for negativem, and one form50. The
positive and negative contributions can be summed up in
single term, but the contribution coming fromm50 must be
calculated separately and summed just numerically at
end, in fact we have

Ef
sc52

1

2
CsS (

m51

` E
me

`

dk~k22me
2!12s]k@ ln f m

6~ ik !

2 ln f m
as6~ ik !#1E

me

`

dk~k22me
2!12s]k@ ln f 0~ ik !

2 ln f 0
as~ ik !# D , ~24!
4-3
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Eas
sc52

1

2
CsS (

m51

`

dk~k22me
2!12s]k ln f m

as6~ ik !

1E
me

`

dk~k22me
2!12s]k ln f 0

as~ ik !2Ediv
sc D , ~25!

where f m
65 f m( ik)1 f 2m( ik), and lnfm

as6( ik)5 ln fm
as1( ik)

1 ln f2m
as2( ik).

Taking the logarithm off m
as1( ik) and f 2m

as2( ik) and reex-
panding in powers ofm we finally find the explicit expres-
sion for the required functions up to the third order:

ln f 0
as5

b2

2kR
; ln f m

as6~ ik !5 (
n51

3

(
t

Xn, j

t j

mn , ~26!

where the nonzero coefficients are

X1,15b2, X2,45b2/4, X3,35b2/242b4/12,

X3,552b2/21b4/4, X3,75b4/16. ~27!

As we mentioned above three orders inm are sufficient2 for
the convergence ofEf

sc.

D. The asymptotic part of the energy and the heat kernel
coefficients

Having found the Jost function related to the cylindric
delta potential an important part of the calculation is do
We proceed with the analytical simplification ofEas

sc. The
second term in Eq.~25!, which we nameEas0

sc , can be quickly
calculated

Eas0
sc 52

b2me

4pR
. ~28!

The first term in Eq.~25!, which we name hereEas(m)
sc , can be

transformed with the Abel–Plana formula

(
m51

`

F~m!5E
0

`

dmF~m!2
1

2
F~0!

1E
0

` dm

12e2pm

F~ im!2F~2 im!

i
. ~29!

In our case the functionF(m) is

F~m!5E
me

`

dk~k22me
2!12s]k ln f m

as6~ ik !. ~30!

Thus Eas(m)
sc is split into three terms: one for each of th

addends on the right hand side of Eq.~29!. We call these

2We would like to stress that with the introduction of asympto
expansions in our calculation we do not approximate the vacu
energy. The total energy as defined in Eq.~12! remains an exac
quantity.
08502
l
.

termsEas1
sc , Eas2

sc , andEas3
sc . The contributionsEas1

sc andEas2
sc can

be calculated with the formulas given in Appendix B. Th
result is

Eas1
sc 5

b2me
2

8p F1

s
1 lnS 4m2

me
2 D 21G2

b2me

32R
, ~31!

Eas2
sc 5

b2me

4pR
2

b2

96pmeR
3 1

b4

48pmeR
3 . ~32!

The divergences are all contained inEas1
sc . The first addend of

Eas2
sc cancels withEas0

sc , and we are left with only one term
containing a positive power of the mass. This term is
contribution toEsc

div corresponding to the heat-kernel coef
cientA3/2 @see Eq.~18!# and therefore it will be subtracted a
well as the pole term. The last term of the Abel–Plana f
mula demands a little more work. Using the formula d
played in Appendix B to calculate the integral overk, we
find

Eas3
sc 52

b2

pR2 h1~meR!1S b2

24pR22
b4

12pR2Dh2~meR!

1S 2
b2

6pR2 1
b4

12pR2Dh3~meR!

1
b2

24pR2 h4~meR!1
b2me

16R

1

12e2pmeR . ~33!

The functionshn(x) are given by

h1~x!5E
x

` dm

12e2pm Am22x2,

h2~x!5E
x

`

dmS 1

12e2pm

1

mD 8Am22x2,

~34!

h3~x!5E
x

`

dmF S m

12e2pmD 8 1

mG8Am22x2,

h4~x!5E
x

`

dmH F S m3

12e2pmD 8 1

mG8 1

mJ 8Am22x2,

where the prime in the integrands denotes the derivative w
respect tom. The heat-kernel coefficients, which we ha
calculated up to the coefficientA7/2 ~including four more
orders in lnfas6( ik)!, read

A050, A1/250,

A154pb2, A3/25
b2p3/2

2R
,

A250, A5/25
@~3p2128!b21~256218p!b4#p1/2

384R3 ,

m

4-4
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A350, A7/25
~27b22100b4180b6!p3/2

24 576R5 . ~35!

We perform the subtraction proposed in Eq.~12! and we
obtain the final result

Eas
sc52

b2

pR2 h1~meR!1S b2

24pR22
b4

12pR2Dh2~meR!

1S 2b2

6pR2 1
b4

12pR2Dh3~meR!1
b2

24pR2 h4~meR!

2
b2

96pmeR
3 1

b4

48pmeR3
1

b2me

16R

1

12e2pmeR . ~36!

The functionshn(x) are convergent integrals which can b
easily calculated numerically.

The finite part of the ground state energy given by E
~14! can be integrated by parts giving

Ef
sc5

1

2p (
m51

` E
me

`

dkkF ln f m
6~ ik !2(

n

3

(
t

Xn, j

t j

mnG
1

1

2p E
me

`

dkkF ln f 0~ ik !2
b2

2kRG . ~37!

Here we name the first addendEf m
sc and the second adden

Ef 0
sc ; in the plots we will display them separately. Equatio

~36! and~37! are considered the main analytical result of th
paper concerning the scalar field. Their sum gives the t
renormalized vacuum energy. The sum will be performed
the numerical part of this paper.

III. SPINOR FIELD IN THE BACKGROUND
OF A MAGNETIC STRING

A. Solution of the field equation

An analysis of a spinor field in the background of a c
lindrical magnetic field with an arbitrary profile has be
performed in@10#. The field equation for a spinor with com
ponentsg1(r ) andg2(r ) in the background of a translation
ally invariant potential with delta function profile is

S p02me ] r2
m2bU~R2r !

r

2] r2
m112bU~R2r !

r
p01me

D
3S g1~r !

g2~r !
D 50. ~38!

The reader is referred to@10# for a derivation of this equa
tion. Let us find the solution to Eq.~38! for one component
of the spinor. The decoupled equation for the componeng2
is
08502
.

al
n

S k22
@m2bU~R2r !#2

r 2 1
b

r
d~R2r !1

1

r
] r1] r

2Dg2~r !50,

~39!

where k5Ap0
22me

2. The regular solution in the regionr
,R is

g2
I ~r !5Jm~kr ! ~40!

and in the regionr .R

g2
O~r !5 1

2 @ f m
spin~k!Hm2b

~2! ~kr !1 f m
spin* ~k!Hm2b

~1! ~kr !#.
~41!

Here f m
spin(k) and f m

spin* (k) are the Jost function and its con
jugate related to the scattering problem for the spinor fie

The ground state energy of the spinor field in the ba
ground of the magnetic string is

E052
m2

2 (
n,a,s

e~n,a,s!
122s , ~42!

where the minus sign accounts for the change of the sta
tics, and thee (n,a,s) are the eigenvalues of the Hamiltonia

H52 ig0g l@]xl2 ieAl~x!#1g0me . ~43!

The degree of freedoms accounts for the two independen
spin states. As in the scalar case we calculate the energ
a section of the string. The ground state energy density
unit length of the string in terms of the Jost function is giv
by

Espin5Cs (
m52`

` E
me

`

dk~k22me
2!12s]k ln f m

spin~ ik !. ~44!

The renormalization scheme is the same we introduced
the scalar case. The expansion of the ground state ener
powers of the mass and the definition ofEdiv

spin are the same as
in Eqs. ~17! and ~18!, apart from a factor21 coming from
the change of the statistics. The heat kernel coefficients
be of course not the same, we call themBn . The normaliza-
tion condition Eq.~19! remains unchanged. The ground sta
energy is split into two parts:Ef

spin and Eas
spin, much in the

same way as in Eqs.~14! and ~15!, with the introduction of
the uniform asymptotic expansion of the Jost functi
f m

spin-as( ik), which we calculate in the next subsection.

B. Matching conditions and Jost function

We require the continuity of the field on the surface of t
flux tube. This, together with Eq.~38!, produce the following
matching conditions atr 5R:

g2
I ~r !ur 5R5g2

O~r !ur 5R ,

@] rg2
I ~r !#ur 5R2@] rg2

O~r !#ur 5R5
b

r
g2

I ~r !ur 5R . ~45!
4-5
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Inserting in Eq.~45! solutions~40! and~41!, and solving for
f m(k)spin, we find the desired result. It turned out to be mo
convienent to express the Jost function with the parametn
which is given by

n5H m11/2 for m50,1,2,...,

2m21/2 for m521,22,...,
~46!

with n5 1
2 , 3

2 ,... in both cases. Then the Jost functions on
imaginary axis read

f n
1~ ik !5 i bkR~ I n11/2Kn21/22b1I n21/2Kn11/22b!, m>0,

~47!

which can be expanded for large positivem and

f n
2~ ik !5 i 2bkR~ I n11/2Kn21/21b1I n21/2Kn11/21b!, m,0,

~48!

which can be expanded for large negativem. The asymptotic
expansions of the BesselI and K functions for n and k
equally large are obtained with formula~23!. From these
formulas the logarithm of the asymptotic Jost function can
easily calculated up to the third order and we define

ln f n
as-spin~ ik !5(

n, j

3

Yn, j

t j

nn , ~49!

wheret51/(11(kR/n)2)1/2 and the nonzero coefficients a

Y1,15b2, Y2,252b2/4, Y2,45b2/4,

Y3,35b2/62b4/12,

Y3,5527b2/81b4/4, Y3,755b2/8. ~50!

C. The asymptotic and the finite part of the energy

The asymptotic part of the energy can be written, us
result Eq.~49!, as

Eas
spin5Cs (

n51/2

` E
me

`

dk~k22me
2!12s

]

]k (
j ,n

3

Yj ,n

t j

nn2Ediv
spin,

~51!

we calculate the sum overn with the help of the Abel–Plana
formula for half integer variables which can be found in t
Appendix. The casem50 ~i.e., n51/2! does not need to be
treated separately. We have only the two contributions

Eas1
spin5

b2me
2

4p F1

s
1 lnS 4m2

me
2 D 21G2

b2me

16R
~52!

and
08502
e

e

g

Eas2
spin5

2b2

pR2 q1~mR!1S 2
b2

3pR2 1
b4

6pR2Dq2~meR!

1S 7b2

12pR2 1
b4

6pR2Dq3~meR!2
b2

12pR2 q4~meR!,

~53!

where the functionsqn(x) are

q1~x!5E
x

` dn

11e2pn An22x2,

q2~x!5E
x

`

dnS 1

11e2pn

1

n D 8An22x2,

~54!

q3~x!5E
x

`

dnF S n

11e2pnD 8 1

n G8An22x2

q4~x!5E
x

`

dnH F S n3

11e2pnD 8 1

n G8 1

n J 8An22x2.

The only pole term is contained inEas1
spin and the term propor-

tional tome will be subtracted as well as the pole term, th
Eq. ~52! cancels completely with the subtraction ofEdiv

spin.
Therefore we finally haveEas

spin5Eas2
spin. The heat-kernel coef-

ficients, which we have calculated up to the coefficientB4 ,
read

B050, B1/250,

B158pb2, B3/252b2p3/2/R,

B250, B5/25
~3b212b4!p3/2

64R3 , ~55!

B350, B7/252
~135b2268b4116b6!p3/2

12288R5 ,

B45
5b8

1281R6 .

It is interesting to note how in both scalar and spinor ca
we found the final expression for the asymptotic part of
energy to depend only on even powers ofb. This was to be
expected for physical reasons, in fact by inverting the dir
tion of the magnetic fluxf the ground state energy shou
not change.

The finite part of the energyEf
spin can be hardly analyti-

cally simplified. We can only integrate by parts to obtain
final form which is suitable for the numerical calculation

Ef
spin52

1

p (
n51/2

` E
me

`

dkkF ln f n
6~ ik !2(

n, j

3,7

Yn, j

t j

nnG , ~56!

where f n
6( ik)5 f n

1( ik)1 f n
2( ik).
4-6
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IV. NUMERICAL EVALUATIONS

In this section we show some graphics ofEas,Ef and of
the complete renormalized vacuum energyEren as a function
of the radius of the string, for the scalar and for the spin
field. We calculate also the asymptotic behavior ofEasandEf
for large and for smallR. Since we want to study here onl
the dependence onR and onb, we setme51 for all the
calculations of this section.

A. Scalar field

As a first step we rewriteEas
sc in a form in which the

dependence on the relevant parameters is more explicit:

Eas
sc5

1

pR2 @b2g1~meR!1b4g2~meR!#, ~57!

where the functionsg1(x) andg1(x) are linear combinations
of the integrals given in Eq.~34!. The asymptotic behavior o
these functions forx→0 is

g1~x!;0.03171O~x!,

g2~x!;0.04171O~x!. ~58!

The logarithmic contributions have canceled. This was to
expected from the vanishing of the heat-kernel coeffici
A2 . The contributionEas

sc is proportional toR22 for R→0.
For R→` all the hn(x) functions fall exponentially and so
doesEas

sc.
The finite partEf

sc is also proportional toR22 in the limit
R→0. For largeR we found numericallyEf

sc;R23, which is
in agreement with the heat-kernel coefficientA5/2 shown in
Eq. ~35!, in fact the first nonvanishing heat-kernel coefficie
after A2 determines the behavior of the renormalized ene
for R→`. Below we show the plots of all the contribution
to the renormalized ground state energy. Each contribu
has been multiplied byR2 so that all the curves take a finit
value atR50. We found it necessary to sum up to 20 in t
parameterm and to integrate up to 1000 in the variablek in
order to obtain reliable plots. All the calculations were p
formed with computer programming, relying on a precisi
of 34 digits.

B. Spinor field

The asymptotic part of the energy is rewritten in the fo

Eas
spin5

1

12pR2 @b2e1~meR!1b4e2~meR!#, ~59!

wheree1(x) and e2(x) are linear combinations of the inte
grals given in Eq.~54!. Their asymptotic behavior forx
→0 is

e1~x!;21O~x!,

e2~x!;211O~x!; ~60!
08502
r

e
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thereforeEas
spin is proportional toR22 for small values ofR.

For R→` Eas
spin falls exponentially.

The finite part of the energy is also proportional toR22 in
the limit R→0 and toR23 for R→`. The plots ofEas

spin,
Ef

spin, and of Eren
spin are displayed below. The remarks ma

above for the graphics are also valid here.

V. CONCLUSIONS

In this paper we have carried out a complete calculat
of the vacuum energy of two different fields in the bac
ground of a magnetic string with a delta function profile. T
renormalized vacuum energy is given in terms of converg
integrals@Eqs. ~36! and ~37! for the scalar field, Eqs.~51!
and ~56! for the spinor field#. A first remark can be made
about the vanishing of the heat-kernel coefficientA2 in both
scalar and spinor cases. This coefficient, contributing toEdiv ,
is not zero for a generic background potential. The vanish
of A2 is also observed in a dielectric spherical shell with
squared profile in the dilute approximation@5#. It could be
argued that more singular profiles possess less ultrav
divergences than smooth profiles. This statement is also
firmed by the heat-kernel coefficients calculated in@12#.

The dependence of the sign of the energy on the radiuR
of the string and on the potential strengthb is nontrivial. The
sign varies with the dimensions of the string. In the sca
case~Figs. 1 and 2! the energy is negative only for larg
values of the potential strength, while forb smaller than one,
the energy shows a maximum. In the spinor case~Figs. 3 and
4! we have almost an opposite situation: in the regionR
,1 the energy shows a minimum forb,1, while it is posi-
tive for b.1. However, whenR becomes large the vacuum
energy shows the same behavior for the scalar and for
spinor field: it is negative for largeb and positive for small
b. The changing of the sign with the dimensions of the ca
ity cannot be simply ascribed to the peculiarity of the de
function potential. In facts, a similar behavior was observ
in earlier works@21,8#, where Dirichlet boundary condition
and bag boundary conditions were examined for a mas
scalar field and a spinor field, respectively. We also note
strong dependence on the parameterb, which was not ob-
served in@10#, where a homogeneous field inside the fl
tube was investigated. In fact a relevant result of our cal
lation is that the energy numerically shows a dependence
b4 for large b. In @10# the contributions proportional tob4

cancelled and the parts proportional tob2 dominated the
renormalized energy for largeb. The proportionalityEren
;b4 opens the possibility that the inhomogeneity of t
magnetic field could render the vacuum energy larger t
the classical energy of the string~which depends only on
b2!, for a sufficiently hard boundary. The total energy of t
system could then be dominated by the quantum contr
tion. However in the model studied here, the profile of t
potential contains a delta function and the classical energ
formally infinite. It would be interesting to study an inhomo
geneous magnetic field which does not contain singulari
in order to have a finite classical energy and po
4-7
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FIG. 1. Scalar field.Eas
sc, Ef m

sc , andEf 0
sc multiplied by R2

•b24, for b52.2.

FIG. 2. Scalar field. The complete renormalized vacuum energyEren
sc (R) multiplied by R2

•b24, for different values of strength of the
potential.

FIG. 3. Spinor field. The curves of the asymptotic and of the finite part of the energy multiplied byR2
•b24, for b52.2.
085024-8
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FIG. 4. Spinor field. The complete renormalized vacuum energyEspin(R) multiplied by R2
•b24, for different values of strength of the

potential.
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of
sibly a vacuum energy depending onb4. Unfortunately with
more realistic potentials the calculations become more d
cult. A feasible model would be that of a cylindrical she
with finite thickness and with a profile given by a fini
height box. In this case the Jost function would be expres
in terms of Bessel functions and hypergeometric functio
This problem is left for future investigation.
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APPENDIX A: EXPANSION OF THE MODIFIED BESSEL
FUNCTIONS

The functionsSh(n,a,t) used in Eq.~23! are

Sh~21,a,t !5ht211h
1

2
lnS 12t

11t D ,

Sh~0,a,t !5
1

2
ln t2

ha

2
lnS 11t

12t D ,

Sh~1,a,t !52
t

24
~23112a2112at15t2!,

Sh~2,a,t !5
t2

48
@h8a3t112a2~2112t2!

1a~226t130t3!13~126t215t4!#,

Sh~3,a,t !5h
1

128
$@~252104a2116a4!t3#/3

116a~2714a2!t42h~531/52224a2

116a4!t52@32a~23318a2!t6#/3

2h~22211200a2!t72240at8

2h~1105t9!/9%; ~A1!
08502
-

ed
s.

where t51/@11(kR/m)2#1/2 in the scalar case andt51/@1
1(kR/n)2#1/2 in the spinor case. The factorh is equal to 1
for the modified Bessel functionI and to21 for the modified
Bessel functionK.

APPENDIX B: CALCULATION OF THE INTEGRALS

The transformation of the sum in Eq.~51! into an integral
has been done with the Abel–Plana formula half inte
numbers~see@22#, p. 31!

(
m50

`

FS m1
1

2D
5E

0

`

dnF~n!1E
0

` dn

11e2pn

F~ in!2F~2 in!

i
.

~B1!

The following formulas, taken from@10#, have been used fo
the integration overm andk in Eas1

sc , Eas2
sc , and inEas~1!

spin @Eqs.
~31!, ~32!, and~52!#:

E
0

`

dmE
me

`

dk~k22me
2!12s]k

t j

mn

52
me

222s

2

G~22s!GS 11 j 2n

2 DGS s1
n23

2 D
~Rme!

n21G~ j /2!
,

~B2!

where t51/@11(kR/m)2#1/2 in the scalar case andt51/@1
1(kR/n)2#1/2 in the spinor case. The contributionsEas3

sc and
Eas2

spin @Eqs.~33! and ~53!# have been calculated by means
the formula
4-9
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E
me

`

dk~k22me
2!122]k

t j

mn52me
222s

G~22s!GS s1
j

2
21Dmj 2n

GS j

2D ~Rme!
jF11S m

meR
D 2Gs1~ j /2!21 , ~B3!

and integrating several times by parts.
S
ns

c-
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