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Vacuum energy in the presence of a magnetic string with a delta function profile
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We present a calculation of the ground state energy of massive spinor fields and massive scalar fields in the
background of an inhomogeneous magnetic string with a potential given by a delta function. The zeta func-
tional regularization is used and the lowest heat kernel coefficients are calculated. The rest of the analytical
calculation adopts the Jost function formalism. In the numerical part of the work the renormalized vacuum
energy as a function of the radi&sof the string is calculated and plotted for various values of the strength of
the potential. The sign of the energy is found to change with the radius. For both scalar and spinor fields the
renormalized energy shows no logarithmic behavior in the IRait0, as was expected from the vanishing of
the heat kernel coefficiet,, which is not zero for other types of profiles.

PACS numbgs): 11.15.Kc, 11.10.Ef, 11.10.Gh, 11.15.Tk

[. INTRODUCTION give an insight into the problem of vacuum energy in mag-
netic backgrounds. This kind of “semitransparent” bound-

Recent developments in the technique for the calculatiomry was already analyzed iiY] for a sphere. It has some
of the zero point energy of massive field§ have opened up features in common with a smooth potential and some with a
interesting possibilities in the study of soft boundaries andhard boundary. 1fi12] the heat kernel coefficients for a gen-
smooth potentials with spherical and cylindrical geometryeral semitransparent boundary were calculated. The quantum
immersed in the vacuum of various quantum fields. Themechanics of spinor fields in the presence of magnetic fluxes
technique uses the Jost function of the scattering problefias been elaborated in early works3,14 while a more
related to the background potential under examination. Théecent investigation in this direction has been motivated by
Jost function is unique and easily obtainable for many typeghe interest in the Aharonov—Bohm effgdi5,16]. Singular
of geometries with circular, spherical, or cylindrical symme-inhomogeneous magnetic fields were examinedli for
try and for various types of potential profiles, which is the the calculation of the fermion determinant and 18] for the
great advantage of this approach. The renormalization is thelfvestigation of the bound states of an electron, however the
performed with zeta-functional techniques and by means ofround state energy was not calculated in those works. In our
the heat kernel expansion, which is known to be a very efpaper the ground state energy will be calculated for a scalar
fective tool in this contex{see[2-4]). The basic idea of and for a spinor field. In the first part of this paper we will
deﬁning unambiguous|y a renormalized zero point energy, i§alculate the Jost functions for both fields and the heat kernel
to impose the normalization condition that the vacuum encoefficients will be found. In the second part of the paper we
ergy vanishes when the mass of the quantum field reach&dll work numerically on the renormalized energy, finding
infinity (see[1]). The heat kernel coefficients themselves areits asymptotic behavior for small and large values of the
also of great interest; they determine the asymptotic behavidiadius of the string. We will finally show some plots of the
of the renormalized enerd$]; and they are considered to be renormalized energy for various values of the strength of the
an intrinsic feature of the background under examination. potential.

This renormalization scheme and the representation of the
energy in terms of the Jost function have been used to solve
some basic configurationgs,1,7,8,5,9. The investigation
has turned recently to magnetic fields with cylindrical sym-
metry. In[10] a complete analysis of a spinor field in the A. Solution of the field equation
background of a homogeneous magnetic flux tube of finite
rad|u§ was carngd out. 'Lhe vacuum ene;gy wasf.fo_und tlo bFnagnetic field whose form is that of a cylindrical shell with
n;—:gatwe "’?”d it did not show aminimum for any Inite va Y€ Jelta function profile. The section of the string is a circle
0 t_he _radlus. A na_\tl_Jra_I guestion is if inhomogeneous Magy, ith radiusR. The magnetic field is given by
netic fields can minimize the energy and render the string
stable. The question was already raisedllifh]. The present . &
paper extends the investigation begurj10] to an inhomo- B(r)= Tl R)E,, 1)
geneous magnetic string with a delta function profile. The
delta function, although not a fully realistic physical model,
represents a simple example of inhomogeneity, which coulgévhere ¢ is the magnetic flux; = \x?>+y?, andz is the axis

along which the cylindrical shell extends to infinity. The
quantum field obeys the Klein—Gordon equation for the sca-
*Email: scandurr@itp.uni-leipzig.de lar electrodynamics

II. SCALAR FIELD IN THE BACKGROUND
OF A MAGNETIC STRING

We quantize a scalar fiel@ in the presence of a classical
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(DD, +m?)P(x)=0, 2 1 = dp -

o T IR USSR T

wherem, is the mass of the field, arld,,=J,—ieA,. The (e
vector potential of the electromagnetic field associated wit

X X Rvhere thek ) are the eigenvalues of the operator contained
Eqg. (1) contains a theta function

in Eq. (4) with k=\/p02—me2. We perform the integration

. ¢ O(—R)_ . overp, in Eq. (9), getting
A—Zfew A”=0. (3
gsczl 2s F(S_ l) 2 ()\2 )l*S (10)
Then, after separation of the variables, the field equation in g \/;r(s_ 1/2) (na) (m '

cylindrical coordinates reads

Now, following a known procedurgl], the sum in Eq(10)

can be transformed into an integral containing the Jost func-
tion introduced in Eq(5):

B  Dy12
2 ge(zr i +%‘9r+(9r2 Pr(k,r)=0. (4)

Here m is the orbital momentum quantum number akd . 1 * £ ) - .
=\/pa—mZ—p2, wherep, is the momentum four vector. £%=-5Cs > . dk(k®—mg)™*dy In fu(ik),

The variableB=e®/27 represents the strength of the back- o (12)
ground potential. The solutions to E¢}) are Bessel and

Neumann functions. The kind of function and their coeffi-wheref (k) is the Jost function with imaginary argument
cients are determined by means of physical considerationandC,={1+s[ —1+2 In(2w)]}/(27) is a simple function of

We take here the regular solution which is known from thethe regularization parameter. The renormalization of(Ed).

general scattering theofyt 9] is carried out by direct subtraction of its divergent part
D (r)=In(kNO(R=1)+ 5[ f (K HE y(kr) £5= £, (12)
+f:1(k)H§nl),B(kr)]9(r—R), (5) The isolation of&y;, will be performed via heat-kernel ex-

pansion as we will see in a moment. The subtracted part
where Jn(kr) is a Bessel function of the first kind, should be added in the classical part of the energy resulting
H 5(kr) andH 4(kr) are Hankel functions of the first in a renormalization of the classical parameters of the string
and second kind, and the coefficieritg k) andf} (k) are a (in [8] this procedure is well explaingdhowever we do not
Jost function and its complex conjugate, respectively. Thentreat the classical energy of the system here but only the
we can define a fiel®' in the regionr <R inside the cylin-  vacuum contribution. For the analytical continuatien:0,
der we split &, into a “finite” and an “asymptotic” part:

D1 (k1) =Jn(kr), (6) £5C = gsey gse (13

which is independent of the strengof the potential, and a jith
field ®© in the region outside the cylinde>R

i a
C(k,r) =3[ (K HE o(kr) + (K HRL (kn)], - (7) E'==5Cs 2 | dk(kr-mg)tmeor
which describes incoming and outgoing cylindrical waves.

s cas
The conditions for the field at=R will be discussed later. X[ fr(ik) = In ik ] (14)

and
B. Ground state energy in terms of the Jost function

and normalization condition 1 * P ) J
Gim—5Cs 2| dk(k*=md)* > Infiik)— &5,

A regularized vacuum energy can be defined as m=Z Jm,
(15

2
Esc:'u“_S 2 61723 (8)
0 2 (na): wherefZ’is a portion of the uniform asymptotic expansion of

the Jost function. The number of orders to be includetfiin
where thee(, ,) are the eigenvalues of the Hamiltonian op- must be sufficient to let the function
erator associated with E@2), «=*1 being the index for
the particle-antiparticle degree of freedom, whiléncludes Inf(ik)—Inf&ik) (16)
all other quantum numbers.is the regularization parameter
to be put to zero after the renormalization aads a mass fall asm™* (or k%) for k andm equally large, in this case
parameter necessary to maintain the correct dimensions tiie integral and the summation in Ed.4) converge fors
the energy. The string is invariant under translations along-0. To this purpose three orders in the asymptotics are
the z axis, therefore the energy density per unit length is  enough. More orders would only give a quicker conver-
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gence. The splitting proposed in E@.3) immediately per- In Eg. (21) the argumentgkR) of the Bessel functions are
mits the analytical continuatioa=0 in &°, furthermore it  omitted for simplicity. This expression holds for positive and
allows a very quick subtraction, of the pole terms in thefor negative values ofm. On the contrary the uniform
asymptotic part Eq(15). £5is a finite quantity as=0. For ~ asymptotic expansion, which we need for formula$) and
the definition of 3, we expand Eq(10) in powers of the (_15),_is a different function for positive or for negative To
mass by means of the heat-kernel coefficight@ssociated find it, we adopt the asymptotic expansion of the modified

with the Hamilton operator Bessell and K functions for large indices and large argu-
ments available of20]. Our calculations need an expansion
2s i— f the form
pne L(s+j—=2) , ... . 1 0
c— 4-2(s+j)p —0=
& EJ: 3222 T(s+1) m, A, 0,2,1,....
a7 X
K o(KR)~ 2 15, (22)
Here the divergent contribution can be isolated
m‘e1 1 4p? 1 mg wherea can be 0 or 1 for the Besselfunction and—g or
Eav="— 6472\ s +In m 2 Ao~ 24732 A1z — B+ 1 for the BesseK function and theX,, are some coef-
€ ficients depending ok, R, andB. Therefore we reexpand the
m2 (1 Au? Me formulas given in20] in powers ofm finding
Tzl gt iN—=— 1At =—3p Asp
327 \'s mg 167 .
1 (1 42 Koo (KR~ \/—expl S m"s (nat)]
_ - _ m+ a 2m ~ i ] H ]l
W S+|nﬁg— Z)AZ (18) n 1
In this definition the poles are all contained in the three terms 1 3
corresponding to the heat kernel coefficiemts,A;,A,, I'm+o(KR)~ exp > m "S,(na,t)f,
\J2mm n=-1

however we included ir€3;, two more terms in order to
satisfy a normalization condition, namely that the renormal-

ized ground state energy vanishes for a field of infinite mass
wheret=[1+ (kR/m)?]~¥2and the functions,(n,a,t) are

mlimw &S=0. (19 given explicitly in the Appendix. Inserting these expansions
€ in Eq. (21) one finds an asymptotic Jost function valid for
This condition fixes a unique value for the vacuum energy ofositivem; we name itf 5" (ik).
a massive field. It is also necessary to eliminate the arbitrari- To find the asymptotics for negative we must invert the
ness of the mass paramejer sign of the indices of the Bessel functions in EL). This
operation does not change the Jost function at all, because of
the remarkable algebraic properties of the modified Bessel
] ) ) functions. After inverting the signs we can apply expansions
We now calculate the Jost functidiy,(k) in relation 1o gq (23) and find the desired result. We call this contribution
the delta function poten_tlal of th.e. magnetic st.rmg. To th'sf?ns’(ik). For the termm=0, formula (22) clearly does not
e e T e 2PBY. O bians e comiuicF ) fom the con-
From tﬂis condition and from the field equati@} it follows ymonly known expansion_s of the modified Bessel functions
that for large arguments available [20].
The finite and the asymptotic part of the energy defined in
OO, —r=D"(N)],—r, Egs.(14) and(15) are also split into three contributions: one
for positivem, one for negativam, and one fom=0. The
(20 . . o .
positive and negative contributions can be summed up in a
single term, but the contribution coming from=0 must be
Inserting in this system the solutions Ed6) and (7) and ~ calculated separately and summed just numerically at the
solving for f (k) it is possible to find the Jost function on end, in fact we have
the imaginary axi$.We write it in terms of modified Bessel
| andK functions

fn(ik) =iPkR(] mKm-pg+17F| m+1Km7,B)+iBﬁ| mKm—g-
(21)

(23)

C. The Jost function and its asymptotics

&rq)o(r”r:R:‘?rq)l(r)lr:R-

1 Co(= .
gfcz—zcs(mz,l mdk(kz—mg)lfs&k[lnf;,(lk)

—In 3 (ik) ]+ fx dk(k?—m2)1~3g,[In fo(ik)

Me

The Wronskian determinant for the Hankel functiof0] is
used. —Inf§Xik)]|, (24)
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1 2]
£ ECS( >, dk(k2=md)* 59 In £33 (ik)
m=1

+ | dk(k?—m2)L 79, In f8ik) — €5, |,

Me

(29

where f=f(ik)+f_(ik), and Infa*(ik)=In f&" (ik)
+1In £33, (ik).

Taking the logarithm of 2" (ik) and f2° (ik) and reex-
panding in powers om we finally find the explicit expres-
sion for the required functions up to the third order:

B L t
In 8= & |nf§$f(|k)=ng1 Z Xnjoms  (26)
where the nonzero coefficients are
X11=B% Xou=B%14, Xga=B?124— B,/12,
Xas=— B%2+ B%4, Xs,=B%16. (27)

As we mentioned above three ordersnirare sufficiertt for
the convergence of;°.

D. The asymptotic part of the energy and the heat kernel
coefficients

Having found the Jost function related to the cylindrical
delta potential an important part of the calculation is done.

We proceed with the analytical simplification 6. The
second term in Eq25), which we name£3g,, can be quickly
calculated

p’m
X IR (28)
The first term in Eq(25), which we name heré&,, , can be
transformed with the Abel-Plana formula
ee] o 1
> F(m)=f dmF(m)— = F(0)
m=1 0 2
= dm F(im)—F(=im)
+ fo 1_eZ7Tm i . (29)
In our case the functiof (m) is
F(m)= | dk(k?—m2)*~3gIn f3(ik). (30)
me

Thus &3¢y is split into three terms: one for each of the

addends on the right hand side of E89). We call these

2We would like to stress that with the introduction of asymptotic
expansions in our calculation we do not approximate the vacuum

energy. The total energy as defined in Ef2) remains an exact
quantity.
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C C C H H C C
terms&agy, Easpy ANAESSS. The contributiong:s, and&sg,can

be calculated with the formulas given in Appendix B. The
result is

o BMI[1 fap? p°m,
b g E“”( mg>_1}_ w8
2 2 4
L Bm. P 8 -

7 47R 96mmRe | ABamR®"

The divergences are all containeddiy,. The first addend of
5ep Cancels with&ss,, and we are left with only one term
containing a positive power of the mass. This term is the
contribution to&2 corresponding to the heat-kernel coeffi-
cientAg, [see Eq(18)] and therefore it will be subtracted as
well as the pole term. The last term of the Abel-Plana for-
mula demands a little more work. Using the formula dis-
played in Appendix B to calculate the integral overwe

find

B B

BZ
247R2 1272 N2(MeR)

52(;3: - WRE hl( meR) +

B B

TR T 12wa) ha(meR)

B p’m. 1

B R T e S
The functionsh,(x) are given by
© dm
hl(x):f mvmz—xi,
X
T
2(X) = L AM| g gzmm ) VM
(34)

. 11"
h3(x):jX dm[(rr:zq,m) —} \/mz—xi,

m

o N

X m| m

where the prime in the integrands denotes the derivative with

respect tom. The heat-kernel coefficients, which we have
calculated up to the coefficied,, (including four more
orders in Inf2s*(ik)), read

Ag=0, Ayp=0,

2773/2

A1:47TB2, T'

Azpp=

[(37—128 B2+ (256 187) B*] w12
384R° ‘

A2=0, Agp=
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(272~ 1008*+808°) 72

Ae=0. A= 24576R°

(39

We perform the subtraction proposed in E42) and we
obtain the final result

B? B B* )
C_ _ -~
& +R2 h;(meR) + AR 127R2 ho(meR)
N et h(mR)+—z'82 ha(MR)
6m7R2 ' 127RZ%) 3\ e 247R? 4
B B* BZme 36
967mR° " 28rmiR, | 16R 1-ezmRr (39

PHYSICAL REVIEW D 62 085024

[m-BO(R-NJ?
- >

k2

1
+$5<R—r>+;ar+af g2(r)=0,
(39)

where k= \/pg—mez. The regular solution in the region
<Ris

g5(r)=Jm(kr) (40)

and in the regiom >R
g?<r>=%[ffn"‘”<k)H£§>B(kr>+f?n"”<k>H;%>ﬁ<kr>].( )
41

Here fP(k) and "™ (k) are the Jost function and its con-

The functionsh,(x) are convergent integrals which can be jugate related to the scattering problem for the spinor field.

easily calculated numerically.

The ground state energy of the spinor field in the back-

The finite part of the ground state energy given by Eg.ground of the magnetic string is

(14) can be integrated by parts giving

3

w i
f dkk{lnf;(ik)—E > xn,j%}

n t

.
-5 3

2T m=1

2
M 1-2s

_ = € ,
2 n,a,o (n.a,0)

Eo= (42

where the minus sign accounts for the change of the statis-
tics, and thee(, ) are the eigenvalues of the Hamiltonian

1 (- : B’
+E medk |nfo(|k)—m. (37

Here we name the first adderfl;, and the second addend The degree of freedonr accounts for the two independent
&6, in the plots we will display them separately. Equationsspin states. As in the scalar case we calculate the energy for
(36) and(37) are considered the main analytical result of thisa section of the string. The ground state energy density per
paper concerning the scalar field. Their sum gives the totalinit length of the string in terms of the Jost function is given
renormalized vacuum energy. The sum will be performed irby

the numerical part of this paper.

H=—iy%y[da—ieA(X)]+1°m,. (43

ePr=C, ¥ | dk(k-m2)! g InfPik). (44)

m=—o Jmg

Ill. SPINOR FIELD IN THE BACKGROUND
OF A MAGNETIC STRING

The renormalization scheme is the same we introduced for

the scalar case. The expansion of the ground state energy in

An analysis of a spinor field in the background of a cy- powers of the mass and the definitionggf)" are the same as

lindrical magnetic field with an arbitrary profile has beenjp Egs.(17) and (18), apart from a factor-1 coming from

performed in[10]. The field equation for a spinor with com- the change of the statistics. The heat kernel coefficients will

ponentsg;(r) andg,(r) in the background of a translation- pe of course not the same, we call th&g. The normaliza-

ally invariant potential with delta function profile is tion condition Eq(19) remains unchanged. The ground state

m—BO(R—1) energy is split into two parts&s”" and £2", much in the

- same way as in Eq$14) and (15), with the introduction of

r the uniform asymptotic expansion of the Jost function

f3P"8Yik), which we calculate in the next subsection.

A. Solution of the field equation

Po—Me &r

_ m+ 1-BO(R-T)

— Oy r p0+me
" B. Matching conditions and Jost function
r
9 We require the continuity of the field on the surface of the
X =0. (38  flux tube. This, together with E¢38), produce the following
g2(r) matching conditions at=R:

| _ A0
The reader is referred §d0] for a derivation of this equa- 92(Nli=r=02("|; =,
tion. Let us find the solution to E¢38) for one component 5
f th inor. Th I tion for th t
ofthe spinor. The decoupled equation for the compoigen [0 9o - (4020 1l r="G5(N)|; - (45)
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Inserting in Eq.(45) solutions(40) and(41), and solving for 2B 2 4

fm(K)SP" we find the desired result. It turned out to be more 5§§?=W—Rz%(mR) +( “3.Re T 677_R2) d2(meR)
convienent to express the Jost function with the parameter

which is given by ( 782 B*

2
N oare T 6—2>Q3( R)— W%(meR),

m+1/2 for m=0,1,2,..., (53
"l-m-12 form=—1,-2,.., (46)

where the functionsj,,(x) are
with v=13,2,... inboth cases. Then the Jost functions on the

© dy
imaginary axis read Q1(X):f o N
X
f, (iIK)=1PkR(l 4 1K, 10 gt 1, 12K, 110 5), M=0, ,
(47) q (x)=fxdv 11 "
2 X 1+e°™ p '
which can be expanded for large positiveand (54)
—fxd vV s
f, (1K) =1 "PkR(l 1 12K - 124 g+ 1o 12K i 1240 5), - M<O, As(x)= LU\ 1rer) L VY X
(48)
I V3 11" 1)
which can be expanded for large negatmeThe asymptotic q4(X)=J dv 17677 5| 7| VvV X
X

expansions of the Besséland K functions for v and k
equally large are obtained with formul23). From these
formulas the logarithm of the asymptotic Jost function can be
easily calculated up to the third order and we define

The only pole term is contained i p'” and the term propor-
tlonal tom, will be subtracted as WeII as the pole term, thus
Eqg. (52) cancels completely with the subtraction ﬁﬁ*’ .

3 j Therefore we finally havés?"= &P The heat-kernel coef-
In fas-spir(ik)zz %% t_ (49) ficients, which we have calculated up to the coefficiBpt
v IR read
wheret=1/(1+ (kR/»)?)¥? and the nonzero coefficients are Bo=0, By,=0,
Yi1=8% Yao=—B14, Y,,=p%4, B1=8mpB% Bgp=—B?mR,
3 2+2 4 77_3/2
Yy a= B26— BY12, B,—0, By, P 2RI (55
64R
Y3,5: - 7ﬁ2/8+ :84/41 Y3,7: 5:82/8 (50) (13582_ 68,84+ 16B6) ’7T3/2
Ba=0. Brz= - 122865 '
C. The asymptotic and the finite part of the energy
8
The asymptotic part of the energy can be written, using B,= o8 _
result Eq.(49), as 1281R®

_ o 3 It is interesting to note how in both scalar and spinor cases
Eaa'=Cs 2/2 dk(k?—m3)*~ S 2 —ER", we found the final expression for the asymptotic part of the
. Me " (51) energy to depend only on even powers®fThis was to be
expected for physical reasons, in fact by inverting the direc-
tion of the magnetic fluxp the ground state energy should
not change. .
The finite part of the energ§;”" can be hardly analyti-
cally simplified. We can only integrate by parts to obtain a
final form which is suitable for the numerical calculation

we calculate the sum overwith the help of the Abel-Plana
formula for half integer variables which can be found in the
Appendix. The casen=0 (i.e., v=1/2) does not need to be
treated separately. We have only the two contributions

BZ 2 4/~L BZm 3,7 tJ
= +| -1-7r 52 gone L E f dkk{lnf (ik)— E Yoion|s (56)
e T v=1/2 Jmg
and wheref (ik)=f"(ik)+f (ik).
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IV. NUMERICAL EVALUATIONS therefore€32" is proportional toR™2 for small values ofR.

In this section we show some graphics&t,&; and of ~ For R—e &2" falls exponentially. . .
the complete renormalized vacuum enefy, as a function The finite part of the energy is also proportionaRo® in
of the radius of the string, for the scalar and for the spinothe limit R—0 and toR™® for R—. The plots of&Z",
field. We calculate also the asymptotic behavioEgfands; &P, and of &5 are displayed below. The remarks made
for large and for smalR. Since we want to study here only above for the graphics are also valid here.
the dependence oR and on g, we setm,=1 for all the
calculations of this section.

V. CONCLUSIONS

A. Scalar field . . .
In this paper we have carried out a complete calculation

As a first step we rewriteg5; in a form in which the  of the vacuum energy of two different fields in the back-
dependence on the relevant parameters is more explicit:  ground of a magnetic string with a delta function profile. The
1 renormalized vacuum energy is given in terms of convergent
Ere=—=7 [ B201(MR) + B*go(MR) ], (57) integrals[Egs.(36) and (37) for the scalar field, Eqs(51)
mR and (56) for the spinor field. A first remark can be made
about the vanishing of the heat-kernel coeffici@atin both
scalar and spinor cases. This coefficient, contributin§ta
is not zero for a generic background potential. The vanishing
of A, is also observed in a dielectric spherical shell with a
squared profile in the dilute approximati¢]. It could be
argued that more singular profiles possess less ultraviolet
divergences than smooth profiles. This statement is also con-
firmed by the heat-kernel coefficients calculatedig].

The logarithmic contributions have canceled. This was to b f The dependence of the sign of the energy on the reidius

L - the string and on the potential strengtts nontrivial. The
expected from the vanishing of the heat-kernel coefﬂmensi n varies with the dimensions of the string. In the scalar
A,. The contribution&ss is proportional toR™2 for R—0. 9 9.

. . case(Figs. 1 and 2 the energy is negative only for large
Zgg?ﬁ;‘” all the hy(x) functions fall exponentially and so values of the potential strength, while f8rsmaller than one,
as*

- .. . o o the energy shows a maximum. In the spinor d&sgs. 3 and
The finite part£¢©is also proportional t&”* in the limit 4y \ye have almost an opposite situation: in the region
R—0. For largeR we found numerically;"~R ™%, whichis <1 the energy shows a minimum f@<1, while it is posi-
in agreement with the heat-kernel coefficiéhy, shown in  tjye for 8> 1. However, wherR becomes large the vacuum
Eq (35), in fact the first nonvanishing heat-kernel Coefﬁcientenergy ShOWS the same behavior for the Sca|ar and for the
after A, determines the behavior of the renormalized energypinor field: it is negative for largg and positive for small
for R—c. Below we show the plOtS of all the contributions I[)’ The Changing of the Sign with the dimensions of the cav-
to the renormalized ground state energy. Each contributiofty cannot be simply ascribed to the peculiarity of the delta
has been multiplied bR? so that all the curves take a finite function potential. In facts, a similar behavior was observed
value atR=0. We found it necessary to sum up to 20 in thejn earlier works[21,8], where Dirichlet boundary conditions
parametem and to integrate up to 1000 in the variatdén  and bag boundary conditions were examined for a massive
order to obtain reliable plots. All the calculations were per-scalar field and a spinor field, respectively. We also note the
formed with computer programming, relying on a precisionstrong dependence on the parameggewhich was not ob-
of 34 digits. served in[10], where a homogeneous field inside the flux
tube was investigated. In fact a relevant result of our calcu-
B. Spinor field lation is that the energy numerically shows a dependence on
B* for large 8. In [10] the contributions proportional tg*
cancelled and the parts proportional & dominated the
renormalized energy for larg@. The proportionality&e,
[ B%e,(MeR) + B*e,(M:R)], (59 ~B* opens the possibility that the inhomogeneity of the
magnetic field could render the vacuum energy larger than
the classical energy of the stringvhich depends only on
B?), for a sufficiently hard boundary. The total energy of the
system could then be dominated by the quantum contribu-
tion. However in the model studied here, the profile of the
potential contains a delta function and the classical energy is

where the functiong(x) andg,(x) are linear combinations
of the integrals given in Eq34). The asymptotic behavior of
these functions fok—0 is

01(X)~0.031A O(x),

02(X)~0.041AH O(x). (58

The asymptotic part of the energy is rewritten in the form

pin_
525 -

127R?

wheree,(x) ande,(x) are linear combinations of the inte-
grals given in Eq.(54). Their asymptotic behavior fox
—0is

e1(x)~2+0(x), formally infinite. It would be interesting to study an inhomo-
geneous magnetic field which does not contain singularities
e5(x)~—1+0O(x); (60 in order to have a finite classical energy and pos-
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-0.02 %

FIG. 4. Spinor field. The complete renormalized vacuum enéfg(R) multiplied by R?- 34, for different values of strength of the
potential.

sibly a vacuum energy depending . Unfortunately with  wheret=1[1+ (kR/m)?]*? in the scalar case arid=1/1
more realistic potentials the calculations become more diffi-+ (kR/»)?]¥? in the spinor case. The factoris equal to 1
cult. A feasible model would be that of a cylindrical shell for the modified Bessel functiohand to—1 for the modified
with finite thickness and with a profile given by a finite Bessel functiork.

height box. In this case the Jost function would be expressed

in terms of Bessel functions and hypergeometric functions.

This problem is left for future investigation. APPENDIX B: CALCULATION OF THE INTEGRALS

The transformation of the sum in E1) into an integral

ACKNOWLEDGMENT has been done with the Abel-Plana formula half integer
The author thanks M. Bordag for advice. numbers(see[22], p. 31
APPENDIX A: EXPANSION OF THE MODIFIED BESSEL - 1
FUNCTIONS > Flm+s
m=0
The functionsS,(n,«,t) used in Eq(23) are —fwd i fw dv  F(iv)—F(—iv)
S,(—la,t)=yt 1+ 1|(1 ! e’ )+ 0 1+e?™ [ '
—4La,l)=7n n5In
S, (0.t It = 1+t)
Y 1 n — Ta n .
PO )= 1-t The following formulas, taken fror[ﬂo] have been used for
t the integration ovem andk in €55, £5%,, and in&3%Y) [Egs.
S,(Lat) == 5(~3+ 1207+ 12at + 5%, (31), (32), and(52)]
v 3 2 2 fwdmfwo||<(k2—m§,)1—s(9kt—Jn
S,?(Z,a,t)—4—8[7]8a/ t+12a°(—1+2t°) 0 me m
— 8 —6t245t4 1+j—n n—-3
a(—26t+303) + 3(1— 6t2+ 5t4)], ZZSF(Z—s)F( ] HS )
mg 2 2
= —— ,
S, (3uert) = 7~ ([ (25— 1040+ 16a*)t°]/3 2 (Rmy)""T(j/2)
K 128
(B2
+16a(—7+4a?)t*— 5(531/5- 2240
+16a*)t°~[32a(—33+8a?)t%]/3 wheret=1[1+ (kR/m)?]*? in the scalar case artd=1/]1
2 1/2 - . . .
(= 221+ 2000t — 240at8 + (kR/v)]*“ in the spinor case. The contributiofg; and
! ) £PN [Egs. (33) and (53)] have been calculated by means of

— 7(1108°)/9}; (A1) the formula

085024-9
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r2-sr

N|—

s+ —1)mj‘n

m 2SR 1 (B3)
+
1 mR)

e

oo t]
_dk(k*- M)t 20j—=—mg % ; _
: F(E)(Rme)'

and integrating several times by parts.
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